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Abstract
Let A be a commutative Noetherian ring of Krull dimension n. Let I be a local complete inter-
section ideal of height n. Suppose (A/I) is torsion in K0(A). It is proved that I is a set theoretic
complete intersection if one of the following conditions holds: (1) n is two; (2) n is odd; (3) n  4
even, and A contains the field of rational numbers.
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1. Introduction
This paper deals with the question of set theoretic complete intersection in affine al-
gebraic geometry, i.e., given a subvariety Y of some affine variety X, whether Y may be
defined by codim(Y,X) equations.
The motivation for this paper is as follows: Let A be a smooth affine ring of dimension
n over an algebraically closed field k. Let I ⊆ A be a local complete intersection ideal of
height n. In [9], Murthy proved that I is a complete intersection if and only if (A/I) = 0
in K0(A). It is known that this equivalence is not true for arbitrary field k, as is evidenced
by the example of Bhatwadekar and Sridharan in [7, Example 5.2] in which the ideal is the
image of the tangent bundle of the real sphere of even dimension.
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Murthy’s theorem, it is natural to ask the following related question:
Question 1.1. Let A be a commutative Noetherian ring of Krull dimension n. Let I be a
local complete intersection ideal of height n. Suppose (A/I) is torsion in K0(A). Is I a set
theoretic complete intersection?
In this paper, we give an affirmative answer (Theorems 3.2 and 4.2) to the above ques-
tion in the case when n is two or n is odd. If A contains the field of rational numbers,
the answer to the question is also yes in the case when n 4 even, with the help of Bhat-
wadekar, Das, and Mandal’s results [5].
The arrangement of this paper is as follows. In Section 2, we state some known results
which are used in later sections. In Section 3, we show some determinantal ideals arising
from 2 × 3 matrices with entries in a two dimensional ring are set theoretic complete
intersections, and derive our main theorem (Theorem 3.2). It is the main part of this paper.
In Section 4, we state and prove some results in the higher dimensional cases.
All rings in this paper are assumed to be commutative and Noetherian. All modules
considered are assumed to be finitely generated.
2. Some preliminary results
In this section, we collect some well-known results that will be used in the subsequent
sections.
Let A be a Noetherian commutative ring with 1, and I be a proper ideal of A with
height r .
Definition 2.1. I is called a complete intersection ideal in A, if there exists a regular
sequence f1, . . . , fr in I , r = ht I , such that I = (f1, . . . , fr ).
I is called a set theoretic complete intersection ideal in A, if there exists a regular
sequence f1, . . . , fr in I , r = ht I , that generates I up to radical, i.e.,
√
I = √(f1, . . . , fr).
I is called a local complete intersection ideal in A, if Ip is a complete intersection in
Ap for any prime ideal p that contains I .
It is a standard fact that a local complete intersection ideal of height r is a complete
intersection if and only if it is generated by r elements.
The following two well-known lemmas are from [1] and [11] respectively, and one can
find both in Murthy’s paper [10].
Lemma 2.2. Let A be a Noetherian ring and I ⊂ A a local complete intersection ideal of
height r . Then there is a canonical isomorphism
ωI = Extr−1A (I,A) = ExtrA(A/I,A) ≈ HomA/I
(
Λr
(
I/I 2
)
,A/I
)
.
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hdA M  1. Suppose Ext1A(M,A) is a cyclic A-module. Then there is an exact sequence
0 → A → P → M → 0
with P a projective A-module.
Definition 2.4. Let A be a commutative Noetherian ring. K0(A) is called the Grothendieck
group of A, which is defined by taking the free abelian group generated by all finitely
generated A-modules with finite projective dimension modulo the relation generated by
(M2) = (M1) + (M3), whenever we have an exact sequence of finitely generated A-mod-
ules of finite projective dimension,
0 → M1 → M2 → M3 → 0.
Next we state the cancellation theorem of Bass [3]:
Theorem 2.5. Let A be a ring of dimension n, let P and P ′ be projective A-modules
with rank n + 1. Suppose that there exists a projective A-module Q, such that P ⊕Q ≈
P ′ ⊕ Q. Then P ≈ P ′.
The following theorem is due to Boratynski [4] and Murthy [9]:
Theorem 2.6. Let A be a commutative Noetherian ring of dimension n, and I ⊆ A be
a local complete intersection of height r (r  n). Suppose I/I 2 is A/I -free with base
f¯1, . . . , f¯r , fi ∈ I , f¯i is the class of fi in I/I 2. Let J = I (r−1)! +(f1, . . . , fr−1). Then there
exists a surjection P  J with P a projective A-module of rank r , such that (P )− (Ar) =
−(A/I) in K0(A).
Corollary 2.7. Let A, I , J be as above, if (A/I) = 0 in K0(A), then J is a surjective image
of a projective A-module P of rank r , such that P ⊕ An−r+1 ≈ An+1.
Proof. By Theorem 2.6, we have surjection P  J with P a projective A-module of
rank r , such that (P ) − (Ar) = 0 in K0(A). Hence P is stably free. By Bass cancellation
theorem, P ⊕ An−r+1 ≈ An+1. 
The next theorem which follows is due to Mohan Kumar [8].
Theorem 2.8. Let A be a ring with dimension n, P a projective A-module of rank n with
trivial determinant, and α :P  J a surjection, where J is an ideal of A with height n.
Suppose P has a unimodular element. Then J is generated by n elements.
The following theorem is a result of Bass [2].
Theorem 2.9. Let A be a ring with dimension n, P a stably free projective A-module of
rank n. If n is odd, then P has a unimodular element.
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ideal of height n. Let P be a stably free projective A-module of rank n and α :P → J
a surjection. Suppose n is odd. Then J is a complete intersection.
Proof. By Theorem 2.9, P has a unimodular element. By Theorem 2.8, J is generated
by n elements. Since J is a local complete intersection, J is a complete intersection ideal
in A. 
Let A be a commutative Noetherian ring of dimension n which contains the field of ra-
tional numbers. The Euler class group E(A) of A is defined by Bhatwadekar and Sridharan
in [6]. Many important and interesting theorems are proved in their paper. Let us quote one
of them [6, Theorem 4.2]:
Theorem 2.11. Let A be a Noetherian ring of dimension n  2 which contains the field
of rational numbers. Let J be an ideal of height n such that J/J 2 is generated by n ele-
ments, and let ωJ : (A/J )n J/J 2 be a local orientation of J . Suppose that the image of
(J,ωJ ) is zero in the Euler class group E(A) of A. Then ωJ is a global orientation of J .
In particular, J is n generated.
3. The case when n is two
In this section, we first show some determinantal ideals are set theoretic complete inter-
sections, then give an affirmative answer to Question 1.1 for the case when n is equal to
two.
Theorem 3.1. Let A be a commutative Noetherian ring of dimension 2. Let I be a local
complete intersection ideal of height 2 generated by the 2 × 2 minors of the matrix M with
entries in A,
M =
(
a b c
x y z
)
.
Assume (a, b, c) is unimodular. Then I is a set theoretic complete intersection in A.
Proof. Let σ be a 3 × 3 non-singular matrix with entries in A, then the ideal generated by
the 2×2 minors of M ·σ equals I . Since (a, b, c) is unimodular in A and dimA/I = 0, we
may assume b is unit modulo I . By adding some multiples of b to a, c and y respectively,
we may assume a, c, y ∈ I . Let f1 = bz−cy,f2 = cx−az,f3 = ay−bx. Since b is a unit
modulo I = (f1, f2, f3), we see that x, z ∈ I . It follows that (x, y, z) ⊂ I = (f1, f2, f3) ⊂
(x, y, z). Hence (x, y, z) = I = (f1, f2, f3).
Claim 1. We may assume (b, y, z) is unimodular.
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ht (y, z) = 2. By considering I modulo (y, z), we have (x) = (cx, bx) = (b, c)(x) mod-
ulo (y, z), it follows that (x) ⊂ (b, c) modulo (y, z). But b is unit modulo (x, y, z), So
(b, c) is unimodular modulo (y, z). Notice that dimA/(y, z) = 0. By adding some suitable
multiples of the third column, say t , to the second column, we may assume b + tc is unit
modulo (y, z). Since (y, z) = (y+ tz, z), replacing b+ tc by b and y+ tz by y respectively,
we may assume (b, y, z) is unimodular.
Note that (a, b, c) is still unimodular.
Claim 2. We may assume (a, b, y) is unimodular.
Write x = bs1 + ys2 + zs3 for some s1, s2, s3 ∈ A. By adding some multiples of the
second column to the first column of matrix M , similarly for the third column, we may
assume x = bs for some suitable s ∈ A. Let us summarize what we have achieved now, we
have a matrix M with entries in A,
M =
(
a b c
sb y z
)
,
with the following properties:
(1) (a, b, c), (b, y, z) are unimodular.
(2) As ideals, (s, y, z) = (sb, y, z) = (bz − cy, sbc − az, ay − sb2) = I .
(3) (s, z) = (sb, z) = (bz, sbc − az, sb2) ⊂ (a, b)(s, z) ⊂ (s, z) modulo y.
Notice that (3) immediately follows from (2). And from (3), we see that (a, b, y) is
unimodular.
Now, let g1 = sbc − az, g2 = bz− cy, g3 = ay − sb2 and J be the ideal in A generated
by the 2 × 2 minors of the following new matrix,
N =
(
a b2 2bcz − c2y
s y z2
)
,
and let g = s(2bcz− c2y)− az2. Then clearly we have (g22, g3, g) = J ⊂ I = (g2, g1, g3).
Claim 3.
√
I = √J .
It suffices to show
√
(g2, g3, g) = √(g2, g3, g1). In the ring A/(g2, g3), we have g =
s(2bcz − c2y) − az2 = sc2y − az2, but zg1 = sbcz − az2 = sc2y − az2, and hence g =
zg1 in A/(g2, g3). Let p be a prime ideal of A which contains (g2, g3, zg1), we want
to show g1 ∈ p. If not, then z ∈ p, and hence az ∈ p. On the other hand, cy ∈ p and
c(ay − b2s) ∈ p, it implies sb2c ∈ p and hence sbc ∈ p. So g1 = sbc − az ∈ p, it is a
contradiction. Therefore
√
I = √J .
Claim 4. J is a complete intersection.
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minors of matrix N , J is a local complete intersection. Notice that (a, b,2bcz − c2y) is
unimodular since (a, b, c), (a, b, y) are. It follows that (a, b2,2bcz − c2y) is unimodular
and also completable by Suslin [12] (or Swan [13]) since we have b2. Hence if we right
multiply matrix N with a suitable nonsingular matrix, we may assume the matrix is of the
form
N =
(
1 0 0
α β γ
)
.
Clearly J is generated by 2 elements, and hence is a complete intersection. 
Based on Theorem 3.1, we are able to prove the following theorem which answers
Question 1.1 in the case when n equals 2.
Theorem 3.2. Let A be a commutative Noetherian ring of dimension two, and let I be a
local complete intersection ideal of height 2 in A. Assume (A/I) is torsion in K0(A). Then
I is a set theoretic complete intersection in A.
Proof. Since I is a local complete intersection, I/I 2 is a projective A/I -module, but
dimA/I = 0 and thus I/I 2 is a free A/I -module.
Case 1. (A/I) = 0. Then n(A/I) = 0 for some integer n  2. Let f1, f2 ∈ I such
that f1, f2 is a regular sequence and (f¯1, f¯2) = I/I 2. Let J be an ideal defined by J =
(f1) + In. Then J/J 2 = (f¯1, f¯ n2 ) and (A/J ) = n(A/I) = 0 in K0(A).
Case 2. (A/I) = 0. Just let J = I .
Now we have found an ideal J ⊂ I such that √J = √I , (A/J ) = 0 in K0(A) and J
is a local complete intersection in A of height 2. By Lemmas 2.2 and 2.3, we have the
following short exact sequence
0 → A φ−→ P ϕ−→ J → 0,
with P a projective A-module of rank 2. Since (A/J ) = 0 in K0(A), it follows that (P ) =
(A2) in K0(A). We see P is stably free. By Bass cancellation theorem, P ⊕ A ≈ A3.
Consider the following induced short exact sequence
0 → A ⊕ A θ=(φ,Id)−−−−−−→ P ⊕ A η=(ϕ,0)−−−−−→ J → 0.
Let e1, e2 be the standard basis of A2. Since P ⊕ A ≈ A3, we may write θ(e2) = (a, b, c)
and θ(e1) = (x, y, z) such that a, b, c, x, y, z ∈ A and (a, b, c) is unimodular. Since J is a
local complete intersection ideal of height two, one can see that J is generated by the 2×2
minors of the matrix
M =
(
a b c
x y z
)
.
By Theorem 3.1, we conclude that J is a set theoretic complete intersection. 
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a maximal ideal of A which is a local complete intersection. Then m is a set theoretic
complete intersection if and only if (A/m) is torsion in K0(A).
Proof. By Theorem 3.2, if (A/m) is torsion in K0(A), then m is a set theoretic
complete intersection. Now suppose m is a set theoretic complete intersection, then
there exists ideal I ⊂ m such that √I = m and I is a complete intersection. Say
I = (f, g) for some f,g ∈ A, where f,g forms a regular sequence. For any finite gen-
erated A-module M whose support equals {m}, M has finite projective dimension and
(M) = lengthA(M)(A/m) in K0(A). Thus (A/(f,g)) = n(A/m) in K0(A) where n is the
length of A/(f,g). But (A/(f,g)) = 0 in K0(A), so (A/m) is torsion in K0(A). The proof
of the theorem is complete. 
Remark 3.4. From the proof Corollary 3.3, it is easy to see the following generalization:
Let A be a commutative Noetherian ring of dimension n, and let m be a local complete
intersection maximal ideal of A. Suppose m is a set theoretic complete intersection. Then
(A/m) is torsion in K0(A).
4. The case when n 3
Let A be a commutative Noetherian ring of Krull dimension n. Let I be a local complete
intersection ideal of height n. If (A/I) is torsion in K0(A), by the standard “thickening”
method, we will show that we can find a local complete intersection ideal J , such that√
J = √I and J is a surjective image of a stably free projective A-module P of rank n.
More precisely:
Lemma 4.1. Let A be a commutative Noetherian ring of Krull dimension n (n  2). Let
I be a local complete intersection ideal of height n. If (A/I) is torsion in K0(A), then
there exists a local complete intersection ideal K , and a surjection α :P  K such that√
K = √I , P ⊕ A ≈ An+1, and (A/K) = 0 in K0(A).
Proof. Since I is a local complete intersection and dimA/I = 0, we can find a reg-
ular sequence f1, . . . , fn in I , such that I = (f1, . . . , fn) + I 2. Suppose r(A/I) = 0
in K0(A), let J = I r + (f1, . . . , fn−1), then (A/J ) = r(A/I) = 0 in K0(A) and J =
(f1, . . . , fn−1, f rn ) + J 2. Let K = J (n−1)! + (f1, . . . , fn−1), then K is a locally com-
plete intersection ideal, satisfying (A/K) = 0 in K0(A) and
√
I = √K . By Corollary 2.7,
there exists a projective A-module P of rank n and a surjection: P  K , such that
P ⊕ A ≈ An+1. 
Theorem 4.2. Let A be a commutative Noetherian ring of Krull dimension n (n 2). Let
I be a local complete intersection ideal of height n. Suppose (A/I) is torsion in K0(A)
and n is odd. Then I is a set theoretic complete intersection.
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α :P  K , such that
√
K = √I and P is a stably free projective A-module of rank n.
By Corollary 2.10, K is a complete intersection. Therefore I is a set theoretic complete
intersection. 
Here we would like to recall one notation introduced in [6] which we will use frequently
in the proof of the next proposition. Let A be a commutative Noetherian ring of dimension
n  2. Let I be an ideal in A of height n and ω : (A/I)n  I/I 2 be a local orientation
(see Section 4 of [6] for the definition of local orientation) of I . Let a be an element of A
such that a is a unit modulo I . We use the notation a¯ω to denote the local orientation of I ,
which is obtained by composing ω with an automorphism of (A/I)n with determinant a¯.
We plan to use proposition [5, Proposition 6.2] which is posted on Mandal’s homepage
(his talk draft), we give a proof for the sake of completeness. The method we use is essen-
tially the same as the one in the proof of Lemma 6.1 in [5], which plays a crucial role in
the proof of the next theorem.
Below we state and prove proposition [5, Proposition 6.2] which is due to Bhatwadekar,
Das, and Mandal.
Proposition 4.3. Let A be a commutative Noetherian ring of dimension n; A contains
the field of rational numbers. Let I be a local complete intersection ideal of height n
and I = (f1, . . . , fn−1, fn) + I 2 for some f1, . . . , fn−1, fn in A. Let ωI denote the local
orientation of I defined by f1, . . . , fn−1, fn. Define I (2) = (f1, . . . , fn−1)+ I 2. Then there
exists a local orientation ω on I (2), such that (I (2),ω) = (I,ωI ) + (I,−ωI ) in E(A).
Proof. We may assume f1, . . . , fn−1, fn is a regular sequence in A. Hence we can write
(f1, . . . , fn−1, fn) = I ∩ K1 for some ideal K1 of height n, which is a local complete
intersection and comaximal with I . So we have the surjective homomorphisms
An
α−→ I ∩ K1, An α
′−→ I ∩ K1
defined by α(ei) = fi for i = 1, . . . , n, and α′(ej ) = fj for j = 1, . . . , n−1, α′(en) = −fn
where e1, . . . , en is the standard basis of An. Then ωI = α ⊗ A/I , −ωI = α′ ⊗ A/I . Let
ωK1 = α ⊗ A/K1, then −ωK1 = α′ ⊗ A/K1. So we have (I,−ωI ) + (K1,−ωK1) = 0 in
E(A). Let p1, . . . , ps be the maximal elements in Ass(A/(f1, . . . , fn−1)) ∪ Ass(A/K1).
Say fn ∈ p1, . . . , pr , but /∈ pr+1, . . . , ps . We claim there exists an element in I ∩ pr+1 ∩
· · · ∩ ps \⋃ri=1 pi . If not, then I ⊂ pi0 for some i0 ∈ {1, . . . , r}. Since I + K1 = A, we
see pi0 ∈ Ass(A/(f1, . . . , fn−1)). But fn ∈ I , and thus fn ∈ pi0 . It contradicts the fact that
f1, . . . , fn−1, fn is a regular sequence in A. Pick up such element, say a. Let g = fn − a2.
Then f1, . . . , fn−1, g is a regular sequence in A, and I = (f1, . . . , fn−1, g) + I 2. Write
(f1, . . . , fn−1, g) = I ∩ K2 for some local complete intersection ideal K2 with height n.
By our choice of g, it follows that I,K1,K2 are pairwise comaximal. It is easy to see that
I (2) ∩ K1 ∩ K2 = (f1, . . . , fn−1, gfn). So we have two natural surjective homomorphisms
An
β−→ I ∩ K2, An γ−→ I (2) ∩ K1 ∩ K2
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γ (en) = gfn. Let ωK2 = β ⊗ A/K2, and ω = γ ⊗ A/I (2). Since g = −a2 is unit modulo
K1 and fn = a2 is unit modulo K2, from the surjections β and γ and Lemma 5.4 in [6],
we have: β ⊗ A/I = ωI , γ ⊗ A/K1 = −a¯2ωK1, γ ⊗ A/K2 = a¯2ωK2 and the following
relations in E(A):
(I,ωI ) + (K2,ωK2) = 0, and(
I (2),ω
)+ (K1,−a¯2ωK1)+ (K2, a¯2ωK2)= (I (2),ω)+ (K1,−ωK1) + (K2,ωK2) = 0.
Hence
(I,ωI ) + (I,−ωI ) = (I,ωI ) + (I,−ωI ) +
(
I (2),ω
)+ (K1,−ωK1) + (K2,ωK2)
= (I,ωI ) + (K2,ωK2) +
(
I (2),ω
)+ (I,−ωI ) + (K1,−ωK1)
= 0 + (I (2),ω)+ 0 = (I (2),ω).
Thus (I (2),ω) = (I,ωI ) + (I,−ωI ) in E(A). 
Theorem 4.4. Let A be a commutative Noetherian ring of Krull dimension n, where n is
even (n  4), A contains the field of rational numbers. Let I be a local complete inter-
section ideal of height n. Suppose (A/I) is torsion in K0(A). Then I is a set theoretic
complete intersection.
Proof. Applying Lemma 4.1, we may assume (A/I) = 0 in K0(A) and I is the surjective
image of a stably free projective A-module P of rank n by replacing I by K . Let f1, . . . , fn
be a regular sequence in A, such that I = (f1, . . . , fn) + I 2. Let (I (2),ω), (I,ωI ) be as in
Proposition 4.3. Then (I (2),ω) = (I,ωI ) + (I,−ωI ) in E(A). If (I (2),ω) = 0 in E(A),
by Theorem 2.11, we are done. So it suffices to show (I,ωI ) + (I,−ωI ) = 0 in E(A).
Since I is the surjective image of a stably free projective A-module P of rank n, for any
local orientation ω′ of I , the image of (I,ω′) in E0(A) is zero under the canonical map
E(A) → E0(A). By Corollary 7.9 in [6], (I,ωI ) + (I,−ωI ) = 0 in E(A). The proof of
the theorem is complete. 
Remark 4.5. In [5], Bhatwadekar, Das, and Mandal proved that I is a set theoretic com-
plete intersection under the assumption A is Cohen–Macaulay. (See Theorem 12.1 in [5].)
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